Abstract-In typical multi-MHz inductive power transfer (IPT) systems, a change in coupling or load resistance can significantly deteriorate the end-to-end efficiency due to a deviation from the optimal load of the IPT link and suboptimal operation of the resonant inverter due to the loss of soft switching condition. This paper proposes solutions for an IPT system to operate efficiently when large changes in coupling take place. To achieve high power efficiency independent of coupling, we utilize inherent regulation properties of resonant converters to avoid losing soft switching for any coupling value, and present the optimal load to the IPT link at the maximum energy throughput coupling. A probability-based model is introduced to assess and optimize the IPT system by analyzing coupling as a distribution in time, which depends on the dynamic behavior of the wireless charging system. The proposed circuits are a Class D rectifier with a resistance compression network in the receiving end and a load-independent Class EF inverter in the transmitting end. Experiments were performed at 6.78 and 13.56 MHz verifying high efficiency for dynamic coupling and variable load resistance. End-to-end efficiencies of up to 88% are achieved at a coil separation larger than one coil radius for a system capable of supplying 150 W to the load, and the energy efficiency was measured at 80% when performing a uniformly distributed linear misalignment of 0-12.5 cm, corresponding to a receiver moving at a constant velocity over a transmitter without power throughput control.
Multi-MHz IPT Systems for Variable Coupling An inductive power transfer (IPT) system consists of three main power conversion blocks: the coil driver, which is a high frequency inverter, the IPT link, which exchanges power between two loosely coupled inductors (often referred as IPT coils), and the rectifier at the receiving end. Additional power conversion blocks can be integrated into the system at both ends; however, the analysis of this paper considers the end-toend power conversion as dc input power to dc output power, as shown in Fig. 1 .
The end-to-end efficiency of an IPT system can be calculated as η dc−dc = η inv η link η rect = η t η r (1) where η inv and η rect are the efficiencies of the coil driver and the rectifier, respectively, the transmitting end efficiency (η t ) accounts for the losses in the coil driver and the transmitting coil, and the receiving end efficiency (η r ) considers the losses in the receiving coil and the rectifier circuit.
The end-to-end efficiency of an IPT system depends partially on the type of application and the specific design being utilized. For example, existing designs in high-power IPT systems allow end-to-end efficiencies of more than 90% [1] [2] [3] to be achieved. These designs are usually proposed for the application identified in [1] as one of the biggest challenges for IPT: wireless EV charging. IPT for EV charging has henceforth encouraged the concept of not only transferring power while the receiving end is stationary, but also transferring power while the device being charged is moving. Unlike our work presented here, typical high power IPT systems for dynamic charging operate at frequencies lower than 100 kHz, where the IPT coils are designed to shape the magnetic flux of the IPT link with magnetically permeable materials in order to maintain a consistently high coupling factor throughout the range of motion of the system [4] , [5] . An alternative approach to reduce the variation of coupling against unidimensional movement was shown in [6] for lower power (150 W) 6.78 MHz IPT systems using multiple-transmitter aircore coils, which adds complexity.
In contrast, this paper describes the design of a dynamic air-cored two-coil IPT system operating at multi-MHz frequencies. The main incentive to operate IPT systems at multiMHz frequencies, usually at the ISM bands of 6.78, 13 .56, and 27.12 MHz, is that at these frequencies IPT systems do not tend to require magnetic cores to shape and enhance the magnetic flux of the IPT link. This can be beneficial, not only because the losses in the magnetic cores are eliminated, but most notably because air-core coils tend to be significantly lighter than ferritecore coils, which is an alternative feature in many portable applications. For example in [7] , an off-the-shelf drone without a battery was wirelessly powered in mid-air with a 13.56 MHz IPT system, where the receiving end coil consisted of solely a single turn of copper conductor surrounding the propellers guard structure of the drone. The design of an IPT system to power a device capable of moving freely has to account for the coupling variation throughout the range of motion of the system regardless of its specific architecture. The effects of variable coupling for multi-MHz IPT systems, as represented in Fig. 2 , tend to be large considering that IPT systems using air-core coils have a limited capability of shaping the magnetic flux of the link, and therefore spatial freedom implies a significant variance in coupling.
As in high-power low-frequency IPT systems, high efficiency can be achieved in multi-MHz IPT systems [8] [9] [10] [11] [12] , because at these frequencies the quality factor (Q-factor) of the coils is sufficiently high to compensate for low coupling. The range of power of IPT systems that use air-core coils tends to be limited to a few hundred watts; nonetheless, good efficiencies have been reported in multi-MHz inverters and rectifiers at high power [13] , [14] , and the design of a 3.3 kW vehicle charging system using air-core coils and operating at 3 MHz has been proposed [15] .
The circuits at both ends of multi-MHz IPT systems are usually based on Class E or Class D resonant topologies given their soft-switching capabilities, which are necessary to achieve high efficiency at such frequencies. Typical resonant topologies, however, tend to be very susceptible to load variations, and when these are implemented in IPT systems, the susceptibility to load variations translates to a susceptibility to changes in the receiver electrical load as well as the geometry of the link. In [8] , a Class E inverter was utilized as the coil driver in a 150 W multi-MHz IPT system for the first time. That work shows the system operating at various coil misalignments; however, the system frequency had to be tuned for different couplings, to avoid suboptimal operation of the inverter. Optimal operation is necessary to avoid excessive heating and not affect the integrity of the transistor at these power levels. Lower power IPT systems using a Class E inverter, such as the one presented in [16] (P o < 20 W), can be designed to tolerate changes in coupling even with suboptimal operation of the inverter (i.e., with a load resistance different than the optimal one) at different couplings and still achieve reasonably good end-to-end efficiencies for high values of coupling (14-44%) due to the performance of the available components at these power levels.
This paper first provides an overview of IPT theory considering the effect of variable coupling. There are two variables that can compensate for variations in coupling, to therefore achieve constant power throughput or constant output voltage without detuning the system: the input voltage of the inverter and the dc load. Accounting for changes in coupling and these two variables motivated the selection and design of the proposed topologies at both ends of the IPT system aiming to account for the minimum impact on the end-to-end efficiency. A loadindependent Class EF inverter, introduced in [17] , is proposed as the coil driver since it inherently achieves zero voltage switching (ZVS) for the entire load range, and unlike a typical Class E inverter provides an output current magnitude that is independent of the load resistance and directly proportional to the input voltage of the inverter. Therefore, the output current can be easily adjusted or controlled. The latter feature of this inverter is analyzed in this work for the first time. The proposed rectifier is based on a resistance compression network (RCN) Class D configuration that allows the input resistance of the rectifier to be designed to the value that achieves the maximum link efficiency at the highest system energy throughput. This combination of resonant converters was introduced in our work [11] .
The dynamic charging environment of an IPT system is then modeled using probability theory to account for typical characteristics of dynamic charging such as mobile autonomy of the device being charged. The proposed model is useful to identify a value of coupling factor to design the circuits at both ends of the system and achieve the highest energy efficiency throughout the charging time. This model, introduced in this paper, is a general expression that applies and can be useful to optimize, for the maximum energy efficiency, any IPT system in which coupling is variable. Additionally, this model can be used to assess an IPT system against changes in coupling, and therefore help bound what could be considered an acceptable range of coupling.
The design of a 150 W IPT system for dynamic charging is then presented and corroborated by sets of experiments at 6.78 and 13.56 MHz, where the inherent properties of the resonant converters are verified by the consistently high endto-end efficiency achieved for a broad range of coupling factor: 4-10.5% for the system at 6.78 MHz and 2-4.9% for the system at 13.56 MHz. The peak efficiency in both experiments (88% at 6.78 MHz and 83% at 13.56 MHz) is, to the authors' knowledge, the highest dc-dc efficiency ever achieved with the corresponding coil separations at such frequencies. These experiments also show, for the first time, an IPT system with a power capability of 150 W operating at variable coupling lower than 12% at 6.78 MHz and lower than 5% at 13.56 MHz.
The theoretical analysis and equations presented in this paper are for series-tuned-secondary IPT systems because the proposed topology of the rectifier is current-driven; however, the same design principle for variable coupling can be applied to the equations for parallel-tuned-secondary IPT systems described in [18] .
II. VARIABLE COUPLING IN LOOSELY COUPLED IPT SYSTEMS
Dynamic wireless changing environments exhibit a variable coupling factor (k), as the relative position of the receiving end of an IPT system changes with respect to the transmitting end. The value of k can be calculated in terms of the self-inductance of the transmitting coil (L p ), the receiving coil (L s ), and the mutual inductance (M ps ), which changes as the relative position of the coils changes
This dimensionless variable, along with the Q-factor of the coils, can be used to describe the exchange of energy between coupled inductors and account for the losses in an inductive link.
A. Link Efficiency for Variable Coupling
The losses in an inductive link, which in many cases represent a dominant part of the total losses of the system, are represented in Fig. 3 as the power dissipated in the equivalent series resistance (ESR) of the coils R p and R s . These losses can be calculated using the expression of the link efficiency given by [18] for a series-resonant secondary IPT system:
where
Q p and Q s are the Q-factors of the transmitting and receiving coils, defined as
where ω res is the resonant angular operating frequency, C s is the capacitance of the receiving end resonant tank, and R ac is an ac load, which in systems with a dc output represents the real component of the input impedance of the rectifier at the frequency of operation. The highest link efficiency for given Q p , Q s , and k is achieved when the rectifier has an input resistance equal to the optimal load (R ac o p t ), which can be calculated by solving
When the relative position of the coils changes from maximum coupling to a lower coupling, it not only causes the link efficiency to drop, but also causes R ac o p t to change. This implies that as the coils change their relative position, R ac should change accordingly to achieve the highest link efficiency for any given k.
Notwithstanding the fact that decreasing the coupling factor has negative impact on the link efficiency, it can be minimized by selecting coils and frequencies of operation that achieve higher unloaded Q-factors. When the Q-factor of the coils is increased, the link efficiency becomes less dependent on the value of k and on the deviation of R ac from R ac o p t . This allows achieving a high link efficiency for a broader range of k and R ac .
B. Power Regulation for Variable Coupling
Several variables can be managed to compensate for the changes in k in order to achieve constant receiver output voltage or power. Fig. 3 shows a circuit that represents an IPT link with a series-tuned secondary. In this circuit, R ac and the root mean square (rms) of the current in the transmitting coil (i p r m s ) are set as candidate variables to control the power output without affecting resonance in the receiving end.
The dc output power of an IPT system (P o ), also expressed as the squared dc output voltage (V 2 o ) divided by the dc-load resistance (R dc ), can be calculated by referring the load resistance to the primary, as follows:
where R eq , which is the reflected resistance of the receiving end to the transmitting end, is dependent on the actual load on the receiver and the coupling factor:
Both (6) and (7) are valid only when the secondary circuit is tuned at the frequency of i p , which for a series-tuned secondary circuit is
In order to keep either V o or P o constant, the variables R ac and i p rms can be controlled to compensate for changes in coupling factor without detuning the receiving end circuit. The drawbacks, however, of using the resistance of the dc load, and consequently R ac , to control the amount of transferred power are that the link efficiency deteriorates when deviating R ac from its optimal value. Therefore, using R ac as a control variable should be avoided unless the end-to-end efficiency is not a top priority (e.g., [19] ) or when the link efficiency is high enough so that the variance of R ac , within the control range, has no significant impact on end-to-end efficiency of the system. Controlling the amplitude of the current in the transmitting coil is a suitable alternative to regulate the output power and maintain the highest link efficiency, in which case, a communication link between the transmitting end and the receiving end is necessary to deliver the correct amount of power required by the load.
III. INHERENT REGULATION IN RESONANT CONVERTERS FOR VARIABLE COUPLING
In multi-MHz IPT systems, the coil driver and the rectifier are most commonly designed using resonant power converter topologies in order to reduce the switching losses of the semiconductor devices.
Regulating the output voltage or the output current in resonant converters is more challenging than in those based on hard-switching pulse width modulation (PWM), because the soft-switching condition depends not only on the passive component values, but also on the duty cycle and usually the load resistance. Therefore, if the duty cycle or the load are changed once the circuit is tuned, the converter typically loses its softswitching operation, which severely affects the efficiency of the circuit. There are designs where it is possible to control the converter output voltage or current and maintain soft switching, such as the phase-controlled full-bridge Class D dc-dc converter, which has an output voltage that depends on the phase difference between the signals driving each of the branches of the inverting stage. Another technique that can potentially help dynamically tune or control the power throughput in resonant converters was proposed in [20] , where a saturable reactor was integrated into a Class E inverter to compensate for changes in the load. ON-OFF or hysteresis control can also be used to perform voltage or current regulation in resonant converters as can a regular PI loop with PWM.
The inherent regulation properties of resonant converters can sometimes be used to maintain soft switching, for instance, nonsynchronous Class E rectifiers inherently change the duty cycle of the diode when the dc-load changes, and consequently achieve ZVS. Furthermore, in [21] , a hybrid Class E rectifier (a Class E rectifier with an additional capacitance that provides an additional degree of design freedom) not only achieves ZVS, but also can be designed to inherently regulate the output voltage as the load changes. The inherent regulation properties of resonant converters have been utilized for multiple purposes, for example, in [22] , the resonant nature of an LCC converter was utilized for power factor correction, and in [23] , an inherent over-current protection feature was implemented by placing an auxiliary circuit in parallel with the resonant capacitor of an LLC resonant converter, which shorts the capacitor and detunes the resonant tank when a fault shorts out the load.
The proposed multi-MHz converters at both ends of the dynamic IPT system in our work described here do not require a closed loop control system to achieve optimum operation. They exploit the inherent regulation properties of resonant converters to not be affected when changes in the geometry of the IPT coils and the dc load are presented.
A. RCN Class D Rectifier for Variable Coupling
RCNs were introduced in [24] and [25] to inherently regulate the input resistance of a rectifier with changes in the dc load. This principle has also been implemented in RF transmission lines for long-range WPT systems [26] and in IPT [27] .
The concept is based on feeding a dc load with two separate rectifiers, each with an additional reactive impedance connected either in series or in parallel, depending if the rectifier is current-driven or voltage-driven. These two supplemental reactive impedances should be designed to be complex conjugates at the frequency of operation so that the equivalent impedance seen by the source is real (i.e., resistive). This creates a compressed dependence between the input resistance of the circuit and the dc-load resistance. The input resistance also depends on the magnitude of the reactance (X rcn ) of the supplemental reactive impedances
which allows the circuit to be designed with a range of input impedances to optimally load the magnetic link. Hence, X rcn can be treated as an independent design variable. This concept can be further extrapolated to a higher order RCNs to achieve better compression, as proposed for transmission line RCN in [26] , where four rectifiers were connected to the source via two stages of reactive impedances. This approach, nonetheless, is difficult to implement in multi-MHz IPT because the parasitics of the printed circuit board (PCB) and the tolerance in the off-the-shelf passive components would make these very difficult to tune.
The proposed topology, seen in Fig. 4 , uses a first-order RCN and two current-driven Class D rectifiers. The magnitude of the reactance of C rcn and L rcn is equal at the frequency of operation; therefore, the circuit can be modeled as a resistance (R ac ), and the design of the series-tuned secondary of the IPT system can be performed accordingly. The input resistance of the rectifier shown in Fig. 4 is
where R rect represents the input resistance of each Class D rectifier. In [28] , the input resistance of a current-driven Class D rectifier is calculated as
and since the dc load (R dc ) is powered by both branches of the rectifier, R L in (11) corresponds to 2R dc , and therefore
Modeling the input resistance of this rectifier, as shown in (10), has its limitations when the value of R rect is greater than X rcn , since the Class D rectifiers enter a discontinuous mode of operation. This happens because the sinusoidal current waveform at the input of the Class D rectifiers deteriorates as R rect increases against a fixed value of X rcn . Fig. 5 shows how R ac changes with R dc , from both the mathematical model proposed in [25] and a SPICE simulation considering ideal components and an ideal sinusoidal current source at the input of the circuit. The plots in Fig. 5 show that the input resistance of the proposed topology has a compressed dependence on the dc load and that it can be designed by selecting the value of X rcn . In an IPT system, η link is maximized for a given value of R ac , as shown in (5) . Therefore, the RCN Class D rectifier can be designed to inherently present the optimal load to the IPT system for a broad range of dc-load values.
B. Load-Independent Class EF Inverter for Variable Coupling
The load-independent Class EF inverter was first proposed in [17] . It is a ZVS Class EF circuit that operates at a fixed duty cycle, achieves ZVS independent of the resistive load, and inherently regulates the amplitude and the phase of the output current (i p ) when the load changes. The solution for load-independent operation in the Class EF inverter [17] is similar to that found for a Class E inverter in [29] . The load-independent Class EF inverter, however, produces a constant amplitude output current as opposed to the constant amplitude output voltage achieved with Class E. This characteristic makes the load-independent Class EF inverter more suitable to drive an IPT coil, without requiring an impedance matching network. Additionally, the load-independent Class EF inverter has a better power output capability, which is a general advantage of the EF topology against the Class E [30] .
The Class EF topology, shown in Fig. 6 , has been extensively analyzed in [30] [31] [32] to characterize the circuit and develop the design equations for different tuning methods. A Class EF inverter is a hybrid between a Class E and a Class F inverter in which the additional LC network, comprising C 2 and L 2 , shapes the voltage and current through the transistor, and gives an additional two degrees of freedom in the circuit design. This topology has been widely utilized to reduce the peak voltage in the transistor by tuning C 2 and L 2 at the second or third harmonic of the switching frequency; hence, by shaping the voltage across the transistor to reduce the peak values, higher throughput power can be achieved for a given device rating. Contrastingly, in the load-independent design, the additional branch is tuned between the first and second harmonic of the switching frequency. Load-independent operation is achieved by solving the state-space equations of the circuit, setting as a point of convergence that the voltage in the transistor is zero at turn-ON, independent of the resistive load. Infinite mathematical solutions that comply with this condition can be found; however, not all of these solutions are practical. Practical solutions are usually found by optimizing the duty cycle for the maximum power output capability of the transistor [17] , [30] , [31] . For the practical solutions that comply with the load-independent criteria, the output current magnitude and phase are also independent of the load value. Fig. 7 shows the waveforms of a theoretical solution for load-independent operation with the Class EF inverter. The drain-to-source voltage waveform converges to zero at ωt = 2π independent of the load, which demonstrates ZVS for the entire load range. Additionally, the amplitude and phase of the output current of the inverter (i p in Fig. 6 ) do not change with load resistance.
The amplitude of the output current of the load-independent Class EF inverter is proportional to the input voltage and inversely proportional to the reactance of C 1 (X C 1 ). This allows high-level control in the IPT system to be performed by changing the input voltage. Nonetheless, since the average drain-to-source voltage of the switching device is equal to the input voltage, by changing its value, the effective capacitance C 1 changes due to the voltage-dependent drain-to-source capacitance of fieldeffect transistors (C oss ). Large variations in input voltage can, thus, cause the inverter to become detuned.
The inherent properties of the load-independent Class EF inverter can be utilized in dynamic multi-MHz IPT to achieve high efficiency independent of coupling factor, since the converter maintains soft-switching independent of reflected load.
IV. ENERGY EFFICIENCY IN DYNAMIC IPT ENVIRONMENT
In a dynamic IPT system where the amplitude of the current in the transmitting coil is constant and the ac load resistance is fixed, the input power, the output power, and henceforth the dc-dc efficiency change over the range of motion of the dynamic environment with more power being transferred at higher coupling factors. It is fundamental to define an operating range for the coupling factor since it defines the range of reflected resistance seen by the transmitting end and the range of induced electromotive force in the receiving end coil. The shape, position, and alignment of the coils cannot be deduced from a value of k since it represents an infinite number of possible coil compositions. Hence, by designing the circuits to operate for a specified range of k, all geometrical compositions of the coils within this range (with an equal value of L and Q) are within the scope of the design. The design of the circuits can be done with the aim of achieving optimum efficiency for a particular value of k but also to have efficient operation for the entire range of k given Q and L.
In order to model the characteristics of a specific IPT link and its dynamic nature, a probabilistic model will now be proposed, where the focus of design is set to achieve the maximum energy efficiency over a predefined profile of k.
A. Energy Efficiency for Variable Coupling Factor
The amount of energy that is delivered to the load for a given charging time (t 0 to t f ) is defined, for a particular IPT system, as
where P o , in (6) , is expressed as a function of variables k, R ac and i p rms . The relative position and shape of the IPT coils and the surrounding materials determine the value of k. The inverter can be designed to achieve a constant value of i p rms or to increase i p rms as k decreases. In the latter case, in the formulation of (13), i p rms should be written as a function of k. Similarly, R ac can be modified by having a power regulating circuit after the rectifier which would, for a series-tuned IPT system, decrease the value of R ac when k decreases, in which case it should also be written as a function of k. The other parameters that define P o are considered constants. It should be noted that (6) considers tuned circuits; hence, the input reactance of the rectifier is assumed to be zero at the frequency of operation. A similar expression can be found for the total amount of energy extracted from the dc source
to calculate the energy efficiency as
The dc-dc energy efficiency is, therefore, equivalent to the weighted average dc-dc power efficiency of the IPT system throughout the charging time.
B. Modeling the Coupling Factor as a Probability Distribution
In a dynamic environment, k changes with time as the relative position of the coils change. If the relative position and the misalignments are predictable for the entire charging time, k can be described as a function of time, and the energy efficiency can be calculated as previously described. This approach, however, does not consider mobile autonomy of dynamic wireless charging environment where it is often impossible to predict the exact position and misalignment of the IPT coils, and therefore describe k as a function of time.
Consequently, it can be more convenient to account for the unpredictability of k by treating it as a stochastic variable. The dynamic behavior of k can be modeled using a probability mass function or a probability density function. If the parameters that determine the distribution of k have a discrete nature (for example, having a fixed number of possible coil positions), the distribution of k could be described using a probability mass function; this function describes the probability of k being taken the specific values associated with the finite number of possible relative positions of the coils. Alternatively, if the range of motion is continuous, k should be described as a probability density function (f (k)). The range of k (k min to k max ) is determined by the range of motion of the system and the probability distribution of k is determined by the dynamic nature of the IPT environment, i.e., how the value of k is distributed for the period of charging time.
From (13) and assuming that R ac and i p r m s are functions of k (or constant), the output energy can, therefore, be described as the product of time and the expected value of P o
The input energy can also be calculated using the same probability density function f (k) as
and the energy efficiency can be, therefore, calculated as
A possible design approach for IPT using this model is to achieve the highest energy efficiency by finding the system design that reaches the maximum value of η avg in (18) . Considering that the optimization of η avg also depends on the design of the magnetics and the power throughput control, a practical guideline to design the circuits at both ends of the system is to aim for the highest power efficiency at the value of k that reaches a maximum in the function P o (k)f (k), which is the point of maximum energy throughput.
C. Describing an IPT Link and Its Dynamics With a Probability Density Function
The probability density function f (k) represents the dynamics of an IPT system in a way that is useful for the circuit design and evaluation. It not only determines the range of k at which the circuits operate but also the determines which values of k have a higher impact on the energy efficiency of the system. The function f (k) can be obtained by determining the probability distribution of the relative position of the coils g(x 1 , . .., x n ) for the defined charging time as follows:
where x 1 , ..., x n are the variables that determine the relative position of the coils (e.g., linear misalignment, distance, angular misalignment), and n represents the number of variables that affect the coupling factor. The function g(x 1 , ..., x n ) can be transformed to a probability distribution of k by declaring k as a function of x 1 , ..., x n . Several mathematical models to characterize k as a function of distance and misalignments can be found in the literature for different coil designs, for example, [33] can be used for circular coils and [34] for planar coils. After analyzing the dynamic behavior of the system to determine the probability of the relative position and misalignment of the coils, a density function transformation should be performed to obtain the function f (k), which describes the probability distribution of k for the determined charging time.
V. CASE STUDY AND EXPERIMENTAL VERIFICATION
A case study was performed using the proposed inherently regulated resonant circuits. Namely, a load-independent Class EF inverter that achieves ZVS and feeds a constant amplitude current to the transmitting end coil, and an RCN Class D rectifier with an input resistance designed to match the optimal ac load for a broad range of dc loads. The topologies of the rectifier and the inverter are shown in Figs. 4 and 6 respectively, and the designed values are shown in Table I .
The purpose of this case study is to evaluate the performance of the proposed IPT system in a dynamic charging environment by measuring the dc-dc efficiency, and how it changes against k and R dc . Changes in k represent changes in the relative position of the coils, and changes in R dc represent changes in the input resistance of an additional power conversion stage or a dc load. The coupling factor was altered by changing the position of the receiving end coil, as shown in Fig. 8 , and measurements for a broad range of load resistance were performed at each coupling. Fig. 9 .
The self-inductance and ESR values of the coils were measured using a Keysight E4990A impedance analyzer and are shown in Table I .
Two designs are presented: one for a frequency of operation of 6.78 MHz and another one for 13.56 MHz. Both designs use the same IPT coils, the same PCB layouts, and the same switching devices but with different circuit tunings; however, in order to obtain a similar range in output power, the coil separation was set at 11 cm for the experiment at 6.78 MHz, and at 17.8 cm for the one at 13.56 MHz. The objective of performing experiments at two different frequencies is to confirm the advantages and limitations of the topology and verify the performance against changes in k or R dc while analyzing the benefits and limitations of increasing the frequency of operation. Although the design objective is the same for both cases, there are subtle differences in the approach taken on each design. These differences are indicated and explained in the respective sections.
Measurements were taken for a sensible range of coil misalignments, dc-load values, and dc input voltages. The results of the experiments for variable R dc are shown in Fig. 10 and the results for variable k are shown in Fig. 12 .
After describing the output power and the dc-dc efficiency in terms of k, the output energy and the energy efficiency were calculated using the proposed model, assuming a uniform distribution in the relative motion of the coils. This distribution represents a charging scenario in which the load moves at constant velocity over the charging pad, i.e., with a constant speed of motion on the x-axis with constant values of y and z. The distribution of k was calculated using the function k(x) shown in Fig. 13 . 
A. Design Considerations for Variable Coupling
In (6) and (7), the output power is defined as a function proportional to k 2 and R −1 ac ; therefore, as these variables change, the output power is also prompted to change. For this case study, both i p rms and R dc were kept constant for every step in k, and i p rms and k were kept constant for every step in R dc . Hence, considering that these variables were not adjusted to perform power regulation, the case study represents an uncontrolled load designed for the maximum energy efficiency. In order to achieve this, the design was performed for the highest dc-dc efficiency at k max , since the energy throughput function P o (k)f (k) reaches its maximum at k max for the particular dynamic behavior of this case study. It should be noted that if the output power was regulated (by controlling either i p or R dc ) or the relative motion of the coils had a different distribution (e.g., a vehicle with exponentially decreasing velocity as the misalignment between the coils increases), the value of k that should be used to optimize the circuits, which corresponds to the value that achieves the maximum η avg in (18), might differ from k max .
The variable that defines the highest output power capability of the system and also influences the designs of the circuits at both ends of the IPT system is k, since it determines the values of R ac o p t and R eq (for a particular ac load). Knowledge of the range of values of R eq is necessary to design the inverter, and the value of R ac o p t at the maximum coupling is necessary to design the rectifier (for the maximum link efficiency at the maximum coupling). Table II shows these variables for both designs, which were calculated using the measured range of k of the IPT configurations previously defined, and the component values presented in Table I .
B. Design of the RCN Class D Rectifier
The rectifier was designed to achieve the highest efficiency considering the distribution of values of k during the experiment. Schottky diodes with very low forward voltage were chosen, and high-Q passive components were chosen to complete the circuit. The values and description of the components for both designs are shown in Table I .
The parameter X rcn , which corresponds to the reactance of each of the passive components of the RCN, was chosen to be slightly lower than R ac o p t (k max ) in order to match the optimal ac load with R dc at a higher (or lower) value than π 2 4 X rcn (the minimum value of R ac is equal to X rcn , and is theoretically reached at this point). It is worth noticing that according to (10) and the plots in Fig. 5 , R ac matches its optimal load at two values of R dc ; however, the greater value of the two achieves a higher efficiency given that the current in the diodes is lower at higher values of R dc .
The design of the parameter X rcn relative to the optimal ac load is slightly different in both designs in order to show the advantages and limitations of designing this variable at two different values within the range 0, R ac o p t . X rcn is determined by selecting an inductor for the RCN in which the reactance, at the frequency of operation, meets the designed value for X rcn . The design of the system at 13.56 MHz has an X rcn equal to 0.91R ac o p t (k max ) and the one at 6.78 MHz has an X rcn equal to 0.67R ac o p t (k max ). When the ratio of these two variables is closer to one, as can be seen in the plots for the design at 13.56 MHz in Fig. 10 , the maximum efficiency point is closer to the maximum power peak, at which point the rectifier inherently regulates its input resistance, and therefore achieves power regulation against changes in R dc . This effect can be best appreciated in Fig. 10(a) , since the design at 13.56 MHz has a higher X rcn : for a variation in dc load of 2.5-15 R dc /X rcn , corresponding to 100-17% normalized load, a variation in output power of 44-56 W, corresponding to 100-78%, was measured. Nonetheless, the dc-dc efficiency of the design at 6.78 MHz is remarkably high with a lower value of X rcn and a higher R dc . At the maximum coupling, a dc-dc efficiency of 80-88% was achieved with a power output ranging from 25 to 95 W. Since in this rectifier topology the RCN effectively amplifies the output current at lower dc loads and maintains R ac fairly constant, when the design of X rcn with respect to R ac o p t has a lower value, the losses in the rectifier decrease when R dc is set to match R ac o p t , nonetheless a better compression is achieved when X rcn is higher and R ac o p t is reached with a lower value of R dc .
C. Design of the Load-Independent Class EF Inverter
The inverter was designed as proposed in [17] with a duty cycle of 30%, to achieve the highest power output capability of the transistor for this topology, and a tuning frequency of the additional LC branch of
The following design equations were derived from the statespace equations of the circuit by solving for v d = 0 at turn-ON independent of R eq and were utilized for both designs:
X res R eq m a x = 0.342106
where X res is residual reactance
These design equations represent one of the infinite mathematical solutions for load-independent operation with the Class EF topology; however, not all the mathematical solutions are practical. The maximum ratings of all components have to be considered, and ideally, C 1 should be significantly larger than C oss , since C oss changes drastically with voltage. These equations are meant to serve as a guideline, and careful tuning with real components is necessary once the circuit is built. The load range was designed to be larger than R eq m a x (0-4 Ω), and the value of i p rms-max , which is the maximum value of i p rms for a given design, was chosen to deliver a maximum of 150 W at full load. Fig. 11 shows the drain-to-source voltage from both experiments at the maximum V dc with R eq ranging from zero to maximum reflected resistance. The waveforms in Fig. 11 were plotted using data exported from a Teledyne LeCroy HDO4034 oscilloscope.
The inverter was built using a Gallium Nitride FET and high-Q passive components to achieve the highest possible efficiency with commercially available components. The switching signal was provided by an external signal generator, which was connected to a high-speed power FET driver by Intersil (ISL55110). The power consumption of the gate driver, measured at 86 mW at 6.78 MHz and 140 mW at 13.56 MHz, and the power consumption of an external fan (used as a precautionary measure), measured at 715 mW, are not included in the dc-dc efficiency calculations. The complete description of the components chosen for this design is shown in Table I .
The losses in this topology were analyzed in detail in [31] . For the proposed design, the losses in each of the LC branches, namely, the one comprising L 2 and C 2 and the other L p and C 3 , can be deduced from the experimental waveforms shown in Fig. 11 and the ESR of the components. The losses in C 1 are included in the losses in the transistor. The losses in L 1 can be calculated considering its ESR and the dc input current. The switching losses, according to [31] , correspond to (π/6) f i p t f , where t f is the fall time of the switch. The conduction losses depend onR ds o n of the transistor, which has a significant dependence of temperature [35] . Considering that measuring current at the different branches in multi-MHz converters is difficult due to the effects introduced by current probes, the distribution of losses here presented is based on a SPICE simulation, accounting for measured ESR values in all the inductances of the circuit:
3 W for a calculated efficiency of 95.7% in the inverter at 6.78 MHz. Similarly, at 13.56 MHz, the efficiency is calculated at 95.1% with the losses distributed as follows:
D. Efficiency Measurements at Variable Coupling
Seven coil positions were chosen to characterize the output power and dc-dc efficiency against changes in the coupling factor. Fig. 12 shows the experimental results when performing a sweep in k.
It is shown that although the efficiency does deteriorate as k decreases, the rate of change is significantly compressed due to the properties of the chosen circuit topologies. For example, in the experiment at 6.78 MHz, when i p rms was set at 60% of its maximum value, the efficiency ranged from 88% to 70% for a change in coupling of 2:1. That is a 20% drop in efficiency for a 50% drop in coupling.
The compressed dependence between efficiency and coupling is seen at all i p rms values in both designs. This is expected, because the link efficiency is independent of i p rms . Adjusting i p rms can, however, change the efficiency of the circuits, which leads to changes in the dc-dc efficiency.
The inverter at 6.78 MHz was slightly detuned when large changes in the input voltage were performed. The input voltage variance of this design was not only larger than the 13.56 MHz version (40% against 33%) but also the range of values was set at a lower voltage (90-150 against 120-180 V). These changes had an effect on the parameter C 1 since the output capacitance of the GaN FET and its variance is much higher from 90 to 150 V than from 120 to 180 V [35] . At 6.78 MHz, however, the values of the passive components are higher and therefore less vulnerable to parasitic capacitances and inductances, which allows a broader range of V dc to be utilized in the design.
Considering that the effect of changing i p rms , by adjusting V dc , on the efficiency is low, it should be noted that V dc can be used as a variable to perform power throughput control in this type of IPT systems.
E. Model of the Dynamic Environment
In order to calculate the output energy and the energy efficiency of the proposed case study, in which the load travels at constant velocity over a charging pad, a probability density function g(x) describes the relative motion of the coils throughout the range of motion of the system (x min to x max )
The constant velocity (v) from x min to x max in the time interval t f to t 0 is then
and the relative position should be represented as a uniform distribution:
A variable transformation k(x) should then be performed to model the probability distribution of k, as opposed to the probability distribution of x; therefore, (23) can be rewritten as
where k min corresponds to k(x max ) and k max to k(x min ). The probability density function of k is then defined as The function k(x) was found experimentally and then fitted as a first-order Gaussian function
where b represents the center of the position of the peak (expected to be zero in this case study), and c represents the standard deviation (c 2 = 2σ 2 ). The function x(k) is then calculated considering the mathematical restrictions for the variables and constants (0 < k < k max , c = 0, x min < x < x max )
then by deriving x(k) with respect to k and substituting it into (27) , the probability density function of k is represented as
Therefore, the output energy for this particular case study can be calculated as
and the energy efficiency as
It should be noted that the proposed model does not depend on the way P o is regulated against k. For example, if the power output is regulated to be constant (by controlling i p rms or R ac ), the input power would still change with k as previously defined, and therefore energy efficiency can be calculated as
The distribution of k for both designs is shown in Fig. 13 . This plot shows k(x) from experimental verification and the fitted curve described by the Gaussian functions using the values from Table III. The experimental verification of k was achieved using a Keysight E4990A impedance analyzer. 
F. Energy Efficiency Calculations
The output energy and the energy efficiency were calculated using (31) and (32) , where P o and P i are defined as functions of coupling.
In order to evaluate how the relative motion of the coils affects the system's efficiency and energy throughput, both the energy efficiency and the output energy were calculated against the variable range of k, k min to k max , as shown in Fig. 14 .
The range of k is determined by varying k min from zero to k max , and the value of k max is set as the coupling at zero misalignment. Moreover, in this case study, the value of k min defines the tolerance to linear misalignment, and the plots in Fig. 14 show the energy transferred to the load and the energy efficiency against this variable.
There are certain advantages in analyzing the output energy and the energy efficiency in terms of a variable range of k. Primarily, in a particular design, the range of motion (or the tolerance to misalignments k min ) can be optimized to deliver a certain amount of energy to the load with a given limit set for energy efficiency, considering that the energy efficiency decreases against the range of k and the amount of energy increases with the range of k.
The analysis of the energy efficiency against tolerance to changes in k can also be used to assess and improve the design of the IPT system and compare it against other designs. It is shown how in both systems in this case study, the energy efficiency and output energy have a very similar behavior against variable range of k, which is expected considering that similar design approaches were used for both systems. The efficiency of the experiment at 6.78 MHz is better, but the values of k for this design are higher (the wireless air gap is smaller). The losses at 13.56 MHz are higher mostly due to the switching losses in the semiconductor devices at higher frequencies. With the proposed circuit design, at 6.78 MHz, an 80% energy efficiency is achieved for a tolerance to misalignments of k min = 0.3k max , and at 13.56 MHz, a 74% energy efficiency is achieved for k min = 0.3k max . In both cases, the energy efficiency at this point is 90% of the maximum power efficiency. It should be noted that the tolerance to misalignments of 0.3k max at 6.78 MHz represents a misalignment of 12.5 cm and at 13.56 MHz a misalignment of 17.25 cm. This demonstrates the increased freedom of motion (larger wireless air gaps and tolerance to misalignments) at higher frequencies with a tradeoff in end-to-end efficiency.
VI. CONCLUSION
A combination of circuits that use inherent regulation properties of resonant converters was introduced and designed to achieve efficient operation independent of the coupling factor, in an IPT system working at multi-MHz frequencies. The result of the combination of the load-independent Class EF inverter and the RCN Class D rectifier is that high end-to-end efficiency is achieved across a broad range of coupling factors and dc-load values, representing a wide range of scenarios typical of dynamic wireless charging. Experiments were performed at 6.78 and 13.56 MHz to demonstrate an IPT system capable of achieving high efficiency (up to 88%) with a significantly compressed dependence on k and R dc .
A probability-based model was introduced to analyze the energy efficiency and the output energy in terms of the range of motion of the dynamic charging system. The basis of the model is the function f (k), a probability density function that models the distribution of k throughout the range of motion of the system for a given charging time, which represents the motion behavior of the device being charged. The main advantages of calculating the output energy and the energy efficiency using this model is that primarily, for a particular design, the selection of the range of motion can be determined by considering the throughput energy and the energy efficiency associated with the charging process. Also, by analyzing the system as proposed, further optimization, considering the mobility of the device being charged, can be achieved by tuning the circuits to a more accurate value of k, which would improve the energy efficiency, or by improving the design of the IPT link to obtain a probability density function associated with a higher energy efficiency or a broader range of motion.
